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ABSTRACT

The Gaussian integration of moments is systematically discussed. It is shown that the well-known diffusivity-
factor approximation is equivalent to a one-node Gaussian quadrature. The limit as the moment power approaches
infinity in a one-node Gaussian quadrature produces a diffusivity factor of e1/2 5 1.648 721 3, which is very
close to the value of 1.66 suggested by Elsasser.

The errors due to the diffusivity-factor approximation are analyzed in a one-dimensional radiative transfer
model. Generally, the results cannot be improved by using other one-node Gaussian quadrature schemes with
different moments. More accurate results can be obtained by using higher-node Gaussian quadratures. It is found
that the limit as the moment power approaches infinity always produces the best results. The computational
advantage of the diffusivity-factor approximation is kept in the higher-node Gaussian quadratures. It is, therefore,
feasible to implement the higher-node Gaussian quadratures in climate models.

1. Introduction

For infrared radiation, scattering by gas is very weak
and the infrared scattering process is usually neglected.
Without scattering, the absorption and emission are the
dominate processes for the infrared radiative transfer.
This method of neglecting scattering is consequently
called the absorption approximation or the emissivity
approximation.

In the absorption approximation, the radiance ob-
tained from the radiative transfer has to be converted
to flux by angular integration. However, this integration
cannot be done in closed form and an approximation
has to be used. Elsasser (1942) proposed the diffusivity-
factor (DF) approximation by taking an averaged cosine
of the local zenith as 1/1.66. This DF approximation
has been widely adopted in the last half century, since
it is commonly believed that the error incurred by using
the DF approximation is small. Almost all GCMs that
use the absorption approximation method for infrared
radiative transfer use the DF approximation. Further-
more, the DF approximation can be used in calculations
where scattering is considered. However, since Elsasser
(1942) proposed the DF approximation, the choice of
1.66 for the diffusivity factor has remained somewhat
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ad hoc. Why should the diffusivity factor be 1.66? What
is the mathematical or physical basis for it? In addition,
there has been no systematic analysis of the accuracy
of the DF approximation. The purpose of this paper is
to answer these questions. In the following sections, we
will study the mathematical basis for the DF approxi-
mation and how the DF relates to the other methods for
approximate calculation of integrals. We will then dem-
onstrate the validation of the DF and include an estimate
of how large the error could be in calculation of flux
transmittance by the DF. Next, we will examine how to
extend the DF approximation to the corresponding high-
er-order approximation. Finally, we will study the errors
in fluxes and cooling rates incurred by using the DF
and other approximation methods in a radiative transfer
model.

2. Gaussian quadrature

If the scattering is neglected, the radiative transfer
equation for azimuthally averaged diffuse infrared in-
tensity with wavenumber n is

dI (t , m)n nm 5 (1 2 v )I (t , m) 2 (1 2 v )B (u), (1)n n n n ndtn

where m is cosine of the local zenith angle, t n is the
optical depth, vn is the cloud droplet single scattering
albedo, and Bn(u) is blackbody emission at temperature
u. The upward flux at pressure p is given by
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ps ]T [t (p, p9)]n↑F 5 B (u )T [t (p, p )] 2 B (u9) dp9,n n s n s E n ]p9p

(2a)

and the downward flux at pressure p is
p ]T [t (p, p9)]n↓F 5 B (u9) dp9, (2b)n E n ]p90

where ps is the surface pressure, us is the surface tem-
perature, u9 is the temperature at pressure p9, and
T[(t n(p, p9)] is the flux transmittance defined in terms
of the optical depth t n(p, p9) for a slab of atmosphere
between p and p9,

1

T [t (p, p9)] 5 2 exp[2t (p, p9)/m]m dm, (3)n E absn

0

where
p ]t (p, p0)nt (p, p9) 5 [1 2 v (p0)] dp0,absn E n ]p0p9

in a clear-sky vn(p) 5 0 and t absn(p, p9) 5 t n(p, p9).
The integral in Eq. (3) converts the radiance into the
flux. However, this integration cannot be done in closed
form, and an approximation has to be considered. El-
sasser (1942) proposed the DF approximation by taking

1

T(t) 5 2 exp(2t /m)m dm . exp(2t /m ), (4)E abs abs 1

0

where 1/m 15 1.66 is the so-called diffusivity factor. In
Eq. (4), the dependence of t and t abs on the p, p9, and
n has been omitted.

The advantage of Eq. (4) is that the flux transmittance
follows a simple exponential decay law, in the same
manner as the radiance transmittance. The definition of
the flux transmittance in terms of an exponential func-
tion is efficient for a multilayer calculation. If the flux
transmittance for each layer is known, the result for any
combined adjacent layers is the multiple of the results
for each layer, since for two layers of optical depths t i

and t j,

T(t i 1 t j) 5 T(t i)T(t j). (5)

In the infrared, each layer of the model contains a
heat source. One, therefore, needs to be able to calculate
the transmittance between layers that are at varying sep-
aration. The simple multiplicative nature of the DF ap-
proximation shown in Eq.(5) avoids additional com-
putation of exponentials.

We would like to point out another example of the
computational advantage of the flux transmittance of the
simple exponential form. In the k-distribution method
(Chou and Suarez 1994), the mean flux transmittance
can be expressed as

`

T 5 exp(2kq̃ /m ) f (k) dk, (6)E 1

0

where k is the absorption coefficient, q̃ is the absorber
amount, and f (k) is the k-distribution function. Written
in the discrete form, Eq. (6) is

T 5 exp(2k q̃ /m ) f dk . (7)O n 1 n n
n

We can choose kn 5 hkn21, where h is a positive integer.
With this choice, only a single exponential function for
k1 is needed. The other exponential terms can thus be
obtained by raising the first exponential to an integer
power.

The question remains, however, as to the size of the
error of the DF approximation itself and the error in-
duced in the radiative transfer calculation by the DF
approximation. Intrinsically, the DF approximation in
Eq. (4) is a one-node Gaussian quadrature (1GQ) (ap-
pendix A). We can directly apply the Gaussian quad-
rature of Eq. (A1) to calculate the flux transmittance by
the formula for either moment power l 5 0 or l 5 1.
For l 5 0 we have

1 n

2 exp(2t /m)m dm 5 2 b m exp(2t /m ),OE abs i i abs i
i510

(8)

where n is the node number for Gaussian quadrature,
m i is the abscissa, and wi is the weight. In Eq. (8), we
take the whole exp(2t abs/m)m as the function f in Eq.
(A1); therefore, it is the zero-moment Gaussian integral
and the result is the m weighted mean (mWM). For 1GQ,
as only one term exists for a hemisphere, we call it the
hemispheric mean (Toon et al. 1989). The values of m i

and wi for mWM as a zero moment (l 5 0) Gaussian
quadrature are shown in Table 1 for node n 5 1, 2, 3.

Taking now m as the moment power one in the in-
tegral of Eq. (4), from Eq. (A1) the corresponding re-
sults are

1 n

2 exp(2t /m)m dm 5 2 b exp(2t /m ). (9)OE abs i abs i
i510

The values for the abscissa m i and the weight wi for
moment power l 5 1 are also shown in Table 1 for
nodes n 5 1, 2, 3.

Furthermore, a Gaussian quadrature with a higher mo-
ment power can be used by making the substitution m
5 x (m11)/2 (see appendix A). Under these conditions, the
result for m 5 1 is the same as that for l 5 1 in Eq.
(9), but the result for m 5 0 is different from that of
mWM in Eq. (8).

For 1GQ(mWM), we obtain the diffusivity factor 1/m 1

5 2, which is much larger than the value of 1.66 chosen
by Elsasser (1942). For 1GQ of different moment power
we obtain the diffusivity factor 1/m 1 5 1.414 21, 1.5,
1.5625, 1.587 96, 1.601 80, 1.610 51, corresponding to
m 5 0, 1, 3, 5, 7, 9, respectively. The diffusivity factor
1/m 1 increases slightly as the moment power m increas-
es. However, they are all smaller than 1.66.
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TABLE 1. Abscissa and weight factors for Gaussian integration of moments in Eq. (A4).

n

m 5 0

xi bi

m 5 1

xi bi

m 5 3

xi bi

1
2

3

0.5000000
0.2113249
0.7886751
0.1127017
0.5000000
0.8872983

1.0000000
0.5000000
0.5000000
0.2777778
0.4444444
0.2777778

0.6666667
0.3550510
0.8449489
0.2123405
0.5905331
0.9114120

0.5000000
0.1819586
0.3180414
0.0698270
0.2292411
0.2009319

0.8000000
0.5298579
0.8987135
0.3632646
0.6988113
0.9379241

0.2500000
0.0669052
0.1830947
0.0164791
0.1045999
0.1289210

n

m 5 5

xi bi

m 5 7

xi bi

m 5 9

xi bi

1
2

3

0.8571429
0.6307916
0.9247640
0.4679832
0.7616240
0.9522110

0.1666667
0.0383376
0.1283291
0.0072970
0.0645966
0.0947731

0.8888889
0.6962145
0.9401492
0.5438333
0.8027104
0.9611486

0.1250000
0.0262674
0.0987326
0.0042224
0.0458878
0.0748898

0.9090909
0.7419995
0.9503082
0.6010331
0.8316982
0.9672687

0.1000000
0.0197866
0.0802133
0.0028227
0.0352881
0.0618893

In Fig. 1 the relative errors of flux transmittance for
1GQ(mWM) and 1GQ with moment power m 5 0, 1,
3, 5, 7, 9 are shown (dotted lines), as well as the relative
error of the DF approximation (solid line in the right
figure in the bottom panels). We define the absolute error
as the value obtained from the approximation method
minus the value obtained using a rigorous method and
the relative error as the absolute error divided by the
value from the rigorous method. In addition, the flux
transmittance versus t abs based on a precise integral cal-
culation of Eq. (3) is shown (figure in the top panels).

It is found that for 1/m 1 5 2, from 1GQ(mWM), the
flux transmittance is relatively accurate in the region
of thin t abs and the relative error increases rapidly as
t abs . 0.3. Whereas for 1/m 1 5 1.5, from 1GQ(m 5
1), the relative error of flux transmittance becomes
larger in the region of thin t abs compared to that of
1GQ(mWM), but the relative error does not increase
so rapidly with the increase of t abs . A compromise for
the extreme cases is 1/m 1 5 1.66, as was chosen by
Elsasser (1942).

From Fig. 1, it is found that the relative error in the
region of thin t abs always decreases with an increase in
the power of the moment. The flux transmittance con-
verges to a limit very slowly, with increasing moment
power m. In appendix A, the limit as m → ` is cal-
culated. We obtain 1/m 1 5 e1/2 5 1.648 721 3 for m →
`. This value is very close to 1/m 1 5 1.66. The dif-
ference between them is about 0.67%.

Because the flux transmittance decreases exponen-
tially as t abs increases, the absolute error would be very
small for a large t abs. Therefore, the accuracy in the thin
t abs region is very important. However, for the case of
1GQ(mWM), the relative error exceeds 10% at t abs 5
0.3. At that value of t abs, the flux transmittance is still
large. Therefore, the absolute error could be large.
Whereas for 1GQ(m → `), the relative error is less than
10% for t abs less than 1. Beyond that value of t abs the

flux transmittance is about one order lower than the
unity. The absolute error is therefore very small. Con-
sidering the errors for both thin and thick t abs, we con-
clude that 1/m 1 5 e1/2 is very suitable choice for the
flux transmittance.

For more accurate results, the two-node Gaussian
quadrature (2GQ) could be used. The 2GQ has the same
computational advantage as 1GQ shown in Eq. (5), since
for two layers of optical depths t i and t j,

2

w exp[2(t 1 t )/m ]O i absi absj i
i51

5 w T (t 1 t ) 1 w T (t 1 t )1 1 i j 2 2 i j

5 w T (t )T (t ) 1 w T (t )T (t ). (10)1 1 i 1 j 2 2 i 2 j

Only the exponential functions related to each single
layer are required in calculation. If 2GQ is applied to
the k distribution in Eq. (7), two exponential functions
related to k1 are needed. The other exponential terms
can also be obtained by raising the two exponentials
related to k1 to an integer power. In Fig. 1, the relative
errors of 2GQ for different values of moment power
and the limit of m → ` are shown (dashed lines). Similar
to 1GQ, the relative errors in the region of thin t abs

decrease with the increase of m. The limit of m → `
provides the most accurate results in the thin t abs region.
For 2GQ the errors increase rapidly only in the regions
beyond t . 3. In such regions, the flux transmittance
becomes very small, about two orders lower than the
unity.

For more accurate results, higher-node Gaussian
quadrature methods can be used. Figure 1 shows the
results of the three-node Gaussian quadrature (3GQ)
(long dashed lines in Fig. 1) for different moments and
the limit of m → `. In comparison with 2GQ, the rel-
ative errors in 3GQ are reduced for both thin and thick
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FIG. 1. The figure in the top panels shows the flux transmittance vs t abs. The rest of the figures show the relative errors of
flux transmittance for 1GQ (dotted lines), 2GQ (dashed lines), and 3GQ (long dashed lines). Results for mWM and moment
power m 5 0, 1, 3, . . . , 9, ` are shown. The relative error for the DF approximation is shown in the right figure in the
bottom panels (solid line).

t abs. Also, the limit of m → ` provides the most accurate
results in the thin t abs region.

3. Results in one-dimensional model

The infrared radiation model is the same as that of
Fu et al.(1997). This model uses the correlated k dis-

tribution with 67 monochromatic calculations for gas-
eous transmissions and 12 bands for cloud optical prop-
erties. The midlatitude summer atmosphere is consid-
ered and divided into 100 layers from the surface to 25
km, with a layer thickness of 0.25 km. Benchmark val-
ues are obtained from the d-128-stream discrete ordinate
model (Stamnes et al. 1988). The solution of Fu et al.,
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FIG. 2. Absolute errors for upward flux (dotted line), downward flux (dashed line), and cooling rate (solid line) for the DF approximation
and 1GQ with different moment powers, m. Midlatitude summer atmosphere with vertical resolution 0.25 km.

(1997) is different from that of Eq. (2). The Gaussian
quadrature does not directly apply to flux transmittance
in Eq. (4) but applies to the intensity (appendix B).

Figure 2 shows the absolute errors of the DF ap-
proximation and 1GQ for the upward flux, downward
flux, and cooling rate in the atmosphere. For 1GQ, the
cases of mWM and several values of moment power are
considered. It is found in Fig. 2 that the absolute error
for the DF approximation in the cooling rate is small,

generally less than 0.1 K day21 in the lower atmosphere.
The error for the DF approximation in downward flux
near the surface is about 0.6 W m22.

For 1GQ(mWM), the errors for fluxes and cooling
rates are much larger than those of the DF approxi-
mation, particularly for fluxes. The reason for the poor
results of 1GQ(mWM) is that many of the layer gaseous
t abs’s are sufficiently large, so that this method is not
accurate. As we mentioned above, 1GQ(mWM) is ac-



758 VOLUME 57J O U R N A L O F T H E A T M O S P H E R I C S C I E N C E S

FIG. 3. The same as Fig. 2 but for 2GQ with different moment powers.

curate in flux transmittance for very thin t abs. The rel-
ative error for flux transmission dramatically increases
as t abs exceeds 0.3. For the DF approximation, on the
other hand, the calculations are more accurate for larger
t abs’s (see Fig. 1).

Considering 1GQ with different moment powers, we
find that the fluxes and cooling rates become more ac-
curate with increasing moment power m. When m →
`, the results become very similar to those of the DF
approximation. This is expected since the difference in
flux transmittance between the DF approximation and
1GQ(m → `) is very small, as is shown in Fig. 1.

Figure 3 shows the corresponding results of 2GQ.
The physical parameters are the same as those in Fig.
2. It is found that the errors in the cooling rate are
generally less than 0.05 K day21, better than the results
in Fig. 2. Like 1GQ the largest errors occur for mWM.
It is shown in Fig. 1 that for t abs , 1 the error in flux
transmittance for 2GQ(mWM) is generally larger than
that for 2GQ with moment m $ 1. Also like 1GQ, the
errors become smaller with the increase of the moment
power m.

Figure 4 shows the corresponding results for 3GQ
with the same physical parameters as those in Fig. 3.

In comparison with Fig. 3, the errors are further reduced.
The absolute errors in fluxes are less than 1 W m22 for
all cases of 3GQ. Like 1GQ and 2GQ, the Gaussian
quadratures with moment power m 5 9 and m → `
produce similar results. In the limit of m → `, the error
in flux is less than 0.01 W m22 for the lower atmosphere
below 18 km. Since 3GQ(m → `) is so accurate, there
is no need to consider the four-node Gaussian quadra-
ture.

We now discuss the cloudy-sky case, again using the
100-layer midlatitude summer atmosphere. The same
cloud cases as in Fu et al. (1997) are considered. A low
cloud is positioned from 1.0 to 2.0 km with a liquid
water content (LWC) of 0.22 g m23 and effective radius
(re) of 5.98 mm. A middle cloud is positioned from 4.0
to 5.0 km with LWC 5 0.28 g m23 and re 5 6.2 mm.
A high cloud is positioned from 10 to 12 km, with an
ice water content (IWC) of 0.0048 g m23 and mean
effective size (De) of 41.5 mm. In the benchmark cal-
culations the cloud infrared scattering is considered but
the scattering process is neglected in the absorption ap-
proximation, since the purpose of this paper is to show
the results of the different Gaussian quadratures on the
fluxes and cooling rates; besides, most of GCMs still
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FIG. 4. The same as Fig. 2 but for 3GQ with different moment powers.

use the absorption approximation. The absorption ap-
proximation with scattering effect is systematically dis-
cussed in another work (Li and Fu 2000).

For 1GQ, it is found in Fig. 5 that the error in the
cooling rate for the low cloud is over 2 K day21 for the
1GQ(m → `) (or the DF approximation). In GCMs, this
large infrared cooling rate in the low cloud layers will
lead to the convergence of water vapor more easily and
will generate more clouds. This is a consistent problem
for some GCMs. Figure 5 shows that the error incurred
by the DF approximation is an important factor in ac-
counting for the low cloud overcooling problem. For
1GQ(mWM), the error in the cooling rate in the cloud
layer is much smaller than that of the 1GQ(m → `).
However, such accuracy is accidental. From the flux
profile for 1GQ(mWM), the errors for fluxes in the cloud
layer are larger than those of 1GQ(m → `), especially
for the downward flux. However, the errors for upward
flux and downward flux are of the same sign, thereby
canceling each other in calculating the cooling rate.
Above the cloud layer the error in upward flux decreases
rapidly. This is because the negative error for clear sky
above the cloud layer compensates for the positive error
in the upward flux above the cloud layer (see Fig. 2).

Flux analysis shows that the 1GQ(mWM) is not su-
perior to other Gaussian quadratures. The flux profiles
help us to understand the errors in cooling rate. How-
ever, the flux profile is usually neglected in radiative
transfer study, with only the values at the surface and
the top of the atmosphere normally being shown.

In Fig. 5, we find that the errors decrease with the
increase of the moment power like the clear-sky case.
It is shown that the results of 1GQ(m → `) are better
than those of 1GQ(m 5 1).

Figure 5 also shows the corresponding results of 2GQ.
Compared with the results of 1GQ, the errors in the
cloud layers are not as sensitive to the different Gaussian
quadratures. This is because for 2GQ the difference in
errors in the flux transmissions is small for different
moments of Gaussian quadrature. Li and Fu (2000)
clearly show that the errors are caused by the lack of
scattering effect and they cannot be eliminated by in-
creasing the accuracy of the flux transmittance. In the
case of 2GQ, the error in upward fluxes for mWM does
not decrease with height above the cloud layer like those
in 1GQ, since in this case there is no longer the large
negative error in the clear sky (see Fig. 3).

The results of the errors for the middle cloud case
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FIG. 5. Absolute errors for upward flux (dotted line), downward flux (dashed line), and cooling rate (solid line) for 1GQ and 2GQ with
different moment powers, m. An overcast low cloud is positioned from 1.0 to 2.0 km with LWC 5 0.22 g m23 and re 5 5.98 mm.

are shown in Fig. 6. For 1GQ, the case of m → ` is
more accurate than that of mWM for both fluxes and
cooling rates. Also, the accuracy increases with increas-
ing moment power for the Gaussian quadrature. For
2GQ, the differences in fluxes and cooling rates are
small, in the same manner as that of the low cloud case.

Figure 7 shows the results of the high cloud. Like
the low cloud case, 1GQ(mWM) provides better results
for fluxes and cooling rates. However, such accuracy is
again accidental. Let us look at the upward flux. Large

negative error occurs below the cloud layer, which most-
ly cancels the positive errors inside the cloud [see the
profiles of the upward flux for 1GQ(m 5 1) and 1GQ(m
→ `)]. For high cloud t abs is usually larger than 1.
However, 1GQ(mWM) is valid for t abs , 0.3. Beyond
this region, the absolute error for the flux transmittance
could be very large. Therefore, it is difficult to produce
the accurate results in flux and cooling rate by
1GQ(mWM). If we consider the high cloud only without
gaseous transmission, 1GQ(mWM) produces much larg-
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FIG. 6. The same as Fig. 5 but an overcast middle cloud is positioned from 4.0 to 5.0 km with LWC 5 0.28 g m23 and re 5 6.2 mm.

er errors in flux and cooling rate compared to those of
1GQ(m → `).

Unlike the cases of low cloud and middle cloud, 2GQ
generally produces much better results in fluxes and
cooling rates. This is because 2GQ (equivalent to a four-
stream scheme) can more properly handle the highly
anisotropic radiation inside the high clouds (Li and Fu
2000). Besides, the optical depth for a high cloud is
smaller than that of low or middle clouds mostly with
a magnitude of 1–5. Figure 1 shows that 2GQ generally

produces much better results in the flux transmittance
for t abs in the range 1–3, as compared with 1GQ.

4. Discussion and conclusions

The flux transmittance can be directly evaluated using
Gaussian integration by mWM or Gaussian integration
of moment power m 5 1. For 1GQ, the corresponding
diffusivity factor 1/m 1 would be 2 or 1.5. However, for
historical reasons, neither of these two values are used.
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FIG. 7. The same as Fig. 5 but an overcast high cloud is positioned from 10 to 12 km, with IWC 5 0.0048 g m23 and De 5 41.5 mm.

Instead the diffusivity factor 1/m 1 5 1.66 proposed by
Elsasser (1942) is widely used. In this work we have
shown that the Gaussian quadrature with higher-moment
power (m . 1) can also be used to evaluate the flux
transmittance. For Gaussian quadrature of a higher-mo-
ment power, the accuracy in the thin t abs region is gen-
erally improved compared to that of a lower-moment
power. For the limit of m → ` we obtained 1/m 1 5 e1/2

5 1.648 721 3 in 1GQ. Though e1/2 and 1.66 are very
close, using e1/2 has a more solid mathematical basis.

Also, 1GQ(m → `) has its higher-order extension
nGQ(m → `) (n 5 2, 3, . . . ). It is shown that 1GQ(m
→ `) is an adequate choice. For t abs , 1, 1GQ(m →
`) is valid (relative error of the flux transmittance less
than 10%). However, beyond this region, the absolute
value of the flux transmittance is very small.

In a one-dimensional radiative transfer model, the
diffusivity factor 1/m 1 5 1.648 721 3 generally pro-
duces more accurate results than those by directly using
Gaussian quadrature [i.e., 1GQ(mWM) and 1GQ(m 5
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1)] and other values of moment power for 1GQ. Re-
cently, Li and Fu (2000) showed that the cloud infrared
scattering can be considered in the absorption approx-
imation through a perturbation method. In this case,
LF99 find that 1/m 1 5 e1/2 always produces a better result
in comparison with that of 1/m 1 5 1.66.

More accurate results can be achieved through higher-
node Gaussian quadratures, such as 2GQ or 3GQ. Gen-
erally, an n-node Gaussian quadrature corresponds to a
2n-stream radiative transfer scheme. The calculations
show that in the case of higher-node Gaussian quad-
rature, the limit of m → ` always gives the better results
compared to other moments.

The flux transmittance in the DF approximation has
the same mathematical expression as the radiance trans-
mittance. The exponential function means that the trans-
mittance of two layers is simply the product of each
individual layer’s transmittance, a property that ensures
computational efficiency. The computational advantage
of the DF approximation or 1GQ is kept in the higher-
node Gaussian quadratures. Therefore, the higher-node
Gaussian quadrature methods can be implemented in an
infrared radiation model directly, no matter whether the
(correlated) k distribution or band model is used.

The results of Gaussian quadrature with different mo-
ment powers in Eqs. (A4)–(A6) and the limit case of
moment power approaching infinity are general. It can
be applied to any integral with limit of 0 to 1. The so-
called double Gaussian quadrature used in discrete or-
dinate method for solar radiation is just the case of
mWM by directly applying Gaussian quadrature with
the zero moment (Stamnes et al. 1989; Fu and Liou
1993). In principle, the higher moments and the limit
of the moment power approaching infinity in the Gauss-
ian quadrature can be applied to scattering cases for
both infrared and solar radiation. This is a topic that
needs further exploration.

In the one-dimensional infrared radiation code we
used, 2GQ costs about 10% more CPU time compared
to the DF approximation, and the increase of CPU time
is approximately proportional to the increase of the node
of Gaussian quadrature. Therefore, computing time is
affordable when using a two-node Gaussian quadrature
(four-stream scheme for absorption approximation) in a
GCM.
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APPENDIX A

Gaussian Integration of Moments

By n-node Gaussian quadrature, the integration of
moment l is evaluated by

1 n

lx f (x) dx . b f (x ) (l 5 0, 1, 2, . . .), (A1)OE i i
i510

where xi is the abscissa and bi is the weight. Following
Abramowitz and Stegum (1964) [for the detailed the-
oretical discussion see Krylov (1962)], xi is ith root of

qn(x) 5 0, (A2)

where
(l,0)q (x) 5 Ïl 1 2n 1 1P (1 2 2x),n n

(x) is the Jacobi polynomial,(a,b)Pn

n1 n 1 a n 1 b
(a,b) n2i iP (x) 5 (x 2 1) (x 1 1) .On n 1 21 22 i n 2 ii50

The weight is given by

n21

2b 5 1 [q (x )] . (A3)Oj i j@
i50

For the integral of the flux transmittance in Eq. (4)
we can directly apply Eq. (A1) for either l 5 0 or l 5
1 as shown in Eqs. (8)–(9). Also, we can use a higher-
moment power Gaussian quadrature to evaluate the in-
tegral like Eq. (3). By a substitution, m 5 x (m11)/2, we
have

1 1

m (m11)/22 f (m)m dm 5 (m 1 1) x f (x ) dxE E
0 0

n

. w f (m ), (A4)O i i
i51

where
(m11)/21/m 5 1/x , and (A5)i i

w 5 (m 1 1)b . (A6)i i

The values of xi and bi are listed in Table 1. The values
for m 5 0, 1, 3, 5 are from Abramowitz and Stegum
(1964), and m 5 7 and 9 are calculated by the author.
Note that the values of xi and bi for m 5 0 in Table 1
are the same as those for Eq. (A1) as l 5 0. However,
the results are different (see Fig. 1).

For the limit of m → `, based on Eqs. (A4)–(A6),
through lengthy algebraic calculation we obtain for n
5 1,

1/21/m 5 e 5 1.648 721 3, (A7)1

w 5 1; (A8)1

for n 5 2,

16(1/Ï2)1/m 5 e 5 1.340 299 7, 5.512 988 2, (A9)1,2

1
w 5 5 0.853 553 4, 0.146 446 6; (A10)1,2

4 6 2Ï2

for n 5 3,
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(1/2)c1,2,31/m 5 e , (A11)1,2,3

1
w 5 ,1,2,3 2 3 43 2 6c 1 6c 2 2c 1 0.25c1,2,3 1,2,3 1,2,3 1,2,3

(A12)

where c1,2,3 5 3 2 3 3 cosu1,2,3, with u1 5 1
Ï 3

arccos(21/ 3), u2 5 arccos(21/ 3 1 1208), and u3
1

Ï 3 Ï
5 arccos(21/ 3 1 2408). We eventually get1

3 Ï
1/m 5 1.231 074 4, 23.219 034 4, (A13)1,2,3

3.149 174 9;

w 5 0.711 093 0, 0.010 389 3,1,2,3

0.278 517 6. (A14)

In the following, we will examine the characteristics
of the errors for the limit of m → `, from the remainder
point of view. For the flux transmittance f (m) 5
exp(2t abs/m), we have (Krylov 1962)

1

m (m11)/2(m 1 1) x exp(2t /x ) dxE abs

0

n

5 w exp(2t /m ) 1 R ; (A15)O i abs i n
i51

the remainder is
2

(2n)f (j) n!(m 1 n)!
R 5 (m 1 1) , (A16)n [ ](m 1 2n 1 1)(2n)! (m 1 2n)!

where (2n) in f (2n)(j) means 2n derivatives, and 0 , j
, 1 depending on m, n, and t abs. For n 5 1 we have

1 (m 1 1)
(2)R 5 f (j), (A17)1 22(m 1 2) (m 1 3)

where

1
(2) 2 2(m13) 2f (j) 5 [(m 1 3) j tabs4

2(m15)/22 (m 1 1)(m 1 3)j t ]abs

2(m11)/23 exp(2t j ).abs

For a large m, j can be expanded as j 5 a0 1 a1/m 1
a2/m2 1 · · · 1, where ai are the expansion coefficients,
depending on the node n and t abs. Obviously the positive
power terms are not allowed to exist in the expansion.
The restriction of 0 , j , 1 for m → ` requires a0 #
1. It is easy to show that for a0 , 1,

lim R [ 0.1
m→`

This is incorrect since the remainder cannot be zero. If
a0 5 1, a1 in the leading term has to be negative. We
derive

ctabs 2ctabslim R 5 (ct 2 1)e , (A18)1 abs8m→`

where c 5 . Similarly, we obtain2(1/2)a1e

ctabs 2 3 2 2lim R 5 (c t 2 6c t 1 7ct 2 1)2 abs abs abs96m→`

2ctabs3 e , (A19)

ctabs 5 5 4 4 3 3lim R 5 (c t 2 15c t 1 65c t3 abs abs abs1280m→`

2 2 2ctabs2 90c t 1 31ct 2 1)e . (A20)abs abs

The remainders are approximately proportional to
1/10n, which tells why errors dramatically decrease with
the increase of node n. The remainders always approach
zero as t abs decreases, which tells us why errors are
extremely small in the very thin t abs regions. Moreover,
from Eqs. (A18)–(A20), it is found that there could exist
one point in t abs with R1(m → `) 5 0, three points in
t abs with R2(m → `) 5 0, and five points in t abs with
R3(m → `) 5 0. These results are confirmed in Fig. 1.
For a finite m, R2 and R3 are extremely complicated.
The relations for the error are therefore difficult to ex-
plore.

APPENDIX B

Solutions of Radiative Transfer Equation for the
Infrared

The solution of Eq. (2) can be equivalently written
as

N21

↑F 5 p B (T 2 T ) 1 B T , (B1a)Oi k1(1/2) i,k11 i,k s i,N
k5i

and
i21

↓F 5 p B (T 2 T ), (B1b)Oi l1(1/2) l,i l11,i
l51

where ( ) is the upward (downward) flux at level↑ ↓F Fi i

i, Tk,l is the transmittance between two levels k and l,
Bi11/2 is the Planck function for layer i (between level
i and level i 1 1), level 1 is the top of the atmosphere,
and level N is the surface.

If we focus on one single layer, the solution of Eq.
(1) is

↑ ↑I (m) 5 I (m) exp(2t /m)i i11 absi

1 B [1 2 exp(2t /m)] and (B2a)i1(1/2) absi

↓ ↓I (2m) 5 I (2m) exp(2t /m)i i21 absi21

1 B [1 2 exp(2t /m)], (B2b)i2(1/2) absi21

where (m) [ (2m)] is the upward (downward) inten-↑ ↓I Ii i

sity at level i, t absi 5 (1 2 v i)t i, and vi and t i are the
single scattering albedo and optical depth for layer i,
respectively. The physical meaning of Eq. (B2) is very
clear. The first term represents the contribution to in-
tensity from lower (upper) boundary with exponential
decay by absorption. The second term represents con-
tribution to intensity from the thermal emission inside
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the layer. Fu et al. (1997) have considered the non-
isothermal layer case and obtained a more general so-
lution.

The fluxes of intensities in Eq. (B2) are

1

↑ ↑F 5 2p I (m)m dm and (B3a)i E i

0

1

↓ ↓F 5 2p I (2m)m dm, (B3b)i E i

0

which can be obtained through Gaussian quadrature of
Eq. (A1) or Eq. (A4). Unlike the solution of Eq. (B1),
the Gaussian quadrature does not directly apply to the
flux transmittance of Eq. (4). It applies to the intensities
in Eq. (B2). However, in Eq. (B2) or a more general
solution in Fu et al. (1997), the radiance transmittance
exp(2t abs/m) is the dominate factor.

Solutions (B1) and (B2) are equivalent in mathe-
matics. In solution (B1) the upward (downward) flux at
one level is determined by the thermal emission and
absorption from all the layers below (above) that level.
Therefore, the computing time is quadratically propor-
tional to the model layer. In contrast from Eq. (B1), in
Eq. (B2) all the exchange contributions from outside of
this layer are represented by the boundary conditions.
Therefore, the computing time is linearly proportional

to the model layer. Regardless, the band model method
or correlated-k method is used to calculate the gaseous
transmission.
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