The Atmospheric Boundary Layer
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Atmospheric boundary layer — the lower part of the atmosphere that is most
affected by the surface

That portion of the troposphere that is directly influenced by the presence
of the earth’s surface and responds to surface forcing with a timescale of
about one hour or less (Stull, 1988: An Introduction to Boundary Layer
Meteorology)

What is the depth of the boundary layer?

Free atmosphere — region above the boundary layer where the direct
effects of the surface are not immediately felt.

Turbulence may also occur in localized regions in the free atmosphere that
are not directly coupled to the surface.

Capping inversion — stable layer between the boundary layer and free
atmosphere

What are the typical diurnal changes in temperature, humidity, and winds in
the boundary layer under fair weather conditions?



Turbulence

Turbulence — irregular, quasi-random motion spanning a continuous
spectrum of spatial and temporal scales

Turbulence can be thought of as gustiness superimposed on the mean
wind by irregular swirls of many sizes called eddies.

Laminar — smooth (non-turbulent) flow

Table 9.1 Scales of horizontal motion in the atmosphere

Larger than Scale Name

20,000 km Planetary scale

2,000 km Synoptic scale

200 km Meso-a

20 km Meso-f3 Mesoscale

2 km Meso-y

200 m Micro-a Boundary-layer turbulence
20m Micro-3 Surface-layer turbulence
2m Micro-y Inertial subrange turbulence
2 mm Micro-6 Fine-scale turbulence

Air molecules  Molecular Viscous dissipation subrange

What mechanisms are responsible for the generation of turbulence?

Thermal or convective turbulence
(free convection) — turbulent
motions generated by convective
updrafts and downdrafts in a
statically unstable layer




Mechanical turbulence (forced
convection) — turbulent motions
generated by wind shear

Inertial turbulence — turbulence
generated by shear due to larger
eddies

Turbulent cascade — inertial energy from larger eddies is transferred to
smaller eddies

This process is described by a fluid dynamics poem by L.F. Richardson:

Big whorls have little whorls,
that feed on their velocity,
And little whorls have lesser whorls,
And so on to viscosity.

The kinetic energy
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The smallest scale eddies (~1 cm or smaller) are dissipated as heat
(internal energy).

For turbulence to persist new eddies must be continually generated.

Turbulence is created when an instability (thermal or mechanical) exists.
The resulting turbulent motions act to reduce this instability through mixing.

What are examples of thermal and mechanical instabilities and how does
turbulence act to reduce these instabilities?

The details of an individual eddy can only be predicted on time scales of
seconds to minutes. In order to account for the effects of turbulence for
longer time scale forecasts it is necessary to describe the net effect of
turbulent motions on the atmosphere.
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Consider high temporal resolution measurements of zonal velocity given
by:

= u(iAt)

where i is the index of the data point (observation) and At is the time
interval between measurements.

In order to get measurements representative of the large-scale flow we
need to average our point measurements over time.

The average can be calculated as:

u= ul.
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The averaging time used should be long enough to average out turbulent
fluctuations but short enough to retain trends in large-scale flow.

The mean part () is often calculated as an average over ~30 minutes.

The turbulent fluctuations (u') can then be calculated as:

The intensity of turbulence in the zonal direction can be quantified by the
variance:
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The mean and variance can vary over time (from one averaging period to
the next).

The turbulence is said to be stationary when the variance does not vary
with time.



The turbulence is said to be homogeneous when the variance does not
vary from one location to another.

The turbulence is said to isotropic when the intensity of the turbulence is
the same in all directions (ai =0’ = ofv).

Turbulence Kinetic Energy and Turbulence Intensity

The kinetic energy associated with turbulent fluctuations can be calculated
as:
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What is the value of TKE for a laminar flow?
Larger values of TKE indicate increased intensity of turbulent motions.
The change in TKE with time can be expressed as:

J(TKE/m)
it

=Ad+M +B+Tr-¢

where Ad is the advection of the TKE by the mean wind and is given by:

Ad =3 J(TKE/m) . ITKE/m) M

ox ady 0z

M is the rate of mechanical generation of turbulence, and depends on the
vertical wind shear

B is the rate of buoyant generation or consumption of turbulence, and
depends on the static stability (vertical potential temperature gradient)

Tr is the rate of transport of turbulent energy by the turbulence itself



¢ is the viscous dissipation rate and can be approximated as:

3

%
TKE
€= % where L. is the dissipation length scale.
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Ad and Tr can only redistribute TKE (these terms do not account for
creation or destruction of TKE).

M is usually positive (or zero).
B depends on the static stability and can be positive or negative.

If Ad, M, B, and Tr are all zero then TKE will decrease towards zero. For
this reason turbulence is said to be dissipative.

In a statically stable environment B is negative and acts to dissipate
mechanically generated turbulence.

The Richardson number (RJ) is defined as the ratio of the buoyant
consumption and mechanical generation terms:

g d0, When will Ri be positive
Ri B FV 9z (negative)?
= =N 2
M du + dd What causes Ri to be large
oz oz (small)?

Laminar flows are observed to become turbulent when Ri drops below a
critical value of 0.25.

Turbulent flows are observed to remain turbulent up to Ri = 1.0.
Flows in which Ri < 0.25 are said to be dynamically unstable.

Riis almost always < 0.25 adjacent to the surface, where the vertical wind

shear (a—u and @) is large.
0z 0z

What causes this large wind shear near the surface?
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Figure 18.24

Rate of generation of TKE by buoyancy (abscissa) and shear
(ordinate). Shape and rates of plume dispersion (dark spots or
waves). Dashed lines separate sectors of different Pasquill-Gif-
ford turbulence type (A - G). Isopleths of TKE intensity (dark
diagonal lines). Ryis flux Richardson number. SST is stably-
stratified turbulence.

The figure at the left
summarizes the types
of turbulence for
varying buoyant
generation (horizontal
axis) and shear
generation (vertical
axis) of turbulence.

The intensity of
turbulence in the
vertical and horizontal
directions varies with
stability (dispersion
isotropy).

When the turbulence
intensity is not equal in
all directions the
turbulence is said to be
anisotropic.

How does the intensity
of horizontal and
vertical turbulent
motions change under
stable, neutral, and
unstable conditions?



Turbulent Transport and Fluxes

Turbulent fluctuations in the velocity components are often accompanied by
fluctuations in other scalar quantities (such as temperature or humidity).

The degree to which velocity and other variables vary together is quantified
by the covariance (cov):
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Consider the
covariance of w and
@ as shown to the
left:

As air parcels mix
vertically they
conserve their initial
potential
temperature,
resulting in vertical
heat transport in the
presence of a non-
zero vertical
potential
temperature
gradient.
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Potential Temperature, # Potential Temperature, #
(a) Statically unstable: Dz < 0. (b) Statically stable: iz > 0.

What is the sign of w6 for the example above on the left (right)?

How will Z—Q change as a result of this mixing?
Z

The covariance of two turbulent variables describes the transport of those
variables, or the flux.

For the example above w'0' is the kinematic heat flux, Fi kinematic.



What are the units of Fr kinematic?
The kinematic heat flux can be related to the heat flux, Fn by:
FH = pCpFH,kinematic = pcpm

This heat flux is one possible diabatic (dq or J) contribution to the
thermodynamic energy equation:

dq = cpdT - adp (Wallace and Hobbs)
or

=c, br_ a@ (Holton and Hakim)
Dt Dt

J
Fluxes of any other variable can be formulated in a similar manner.
What is the physical interpretation of the following:

wq'?

wu'?



Reynolds Averaging (HH Chapter 8)

As discussed above any variable can be expressed as a mean part and a
turbulent fluctuation:

w=w+w'

Consider the average (known as the Reynolds average) of the product of
two variables (w0):

w§=(W+vVX§+0)

WO=wO+wO0 + w0 +w0 =wh+wb +w0+wo

From the definition of the mean and turbulent components above we note
the following rules for Reynolds averaging:

'=0
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weo=wb=0

w'0' =0 and is referred to as the covariance

As shown above the covariance term represents the turbulent flux.

This then gives:

O=wO+w60 =wo +w'@

We will now apply Reynolds averaging to the governing equations.

First we will note that the variation in density over shallow layers of the
atmosphere, such as the boundary layer, can be neglected in the governing
equations, except when multiplied by gravity.

Boussinesq Approximation — density (p) is replaced by a constant mean

density (po) in the governing equations, except in the buoyancy term in the
vertical momentum equation



Using the Boussinesq approximation the governing equations are given by:

&=_L0’)_p+ﬁ}+Frx
Dt Po Ix

1
Do Lw g
Dt py dy
@=_L0"_p+g£+Frz
Dt Po 9z 0,
Do __ db,
Dt dz
v v _
ox dy 0z

where @is the departure of the potential temperature from the base state
(60) and etot = 00 (Z) + G(X,y,z,t) .

We will now apply Reynolds averaging to the total derivative %

First we will rewrite this derivative in flux form by adding u(z—u + % + 07—) to
X Z

av

@and noting that u&—u+—+— =0.
Dt ox dy 0z

This gives:

@ B ou ou ou ou ou v N ow
Dt ot ox  dy oz



From the chain rule we note that:
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Dt oJt oJx dy oz

Replace the dependent variables (u, v, w) with mean and fluctuating
components:

Du _ D(u +u') _ Ju+u') . o(u + u’)2 N Nu+u')v+v') N Nu+u')(w+w
Dt Dt & ox dy 0z

Expanding the products in this equation gives:

Du du Ju duu Ruu ' duv duv' v ouV
=+ 4 + + + + + +
Dt ot a dx  dx  dx dy  dy  dy  dy
duw duw' du'w duw'
+ + + +
0z 0z 0z o0z

We will now take an average over time of this equation to give:

Du du ou duu NRuu v duv duv v ouv
=4 + + + + + +
Dt o d dx dx  dx dy dy  dy  dy

duw duw' du'w uw'
+ + + +
0z 0z 0z 0z




Based on the rules for Reynolds averaging the following terms are equal to
zero and can be dropped from the equation:

@ NRuu' duv' u'v duw' du'w

ot ox dy dy dz oz

This gives:

Du du duu ouu duv Vv  duw du'w'
—=—+ + + + + +
Dt oJt ox ox dy ady oz 0z

Du Jdu duu Juu duv ouv duw duw'
—=—+ + + + + +
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From the chain rule we note that:

Juu _du _odu
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ox ox ox
ouv _dv _du

which gives:
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Noting that u(—u +—+ —) =0 (from the continuity equation) then:
ox dy 0oz
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With this our expression for the total derivative becomes:

Du_du _du _ou _di ouu guv' ouw
Dt ot ox ady dz  ox dy oz

Defining the rate of change following the mean motion as:

D 9 _9d _9d _ 9
— =—tU—+V—+W—
Dt ot ox dy Iz

This gives:

Du Diu duu ouv  u'w'
= + + +
Dt Dt ox ay oz

Now we will consider the zonal momentum equation:

&=_Lé’_p+ﬁ;+ Frx
Dt Py 0x

Replace the dependent variables with their mean and perturbation parts:

M = _La(p—w+f(‘7+ V’)+ Frx
Dt Py Ox

Now take an average over time of this equation to give:

D_u_ D(u + u') 1 d(p+p) N
Dt Dt Py Ox

Du Du+u) 1dp 1dp

= = —— L+ fV+F,
Dt Dt U "~
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But -———= V' =0 so:
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Using = + + + gives:
Dt Dt ox dy oz
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What does each term in this equation represent?

The same method can be used to derive the other governing equations:
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Do _db, _[&u’@’ L aw’e’]
Dt dz ox dy 1774
ML M

ox dy Jz

These equations describe the time rate of change of the mean variables.

The terms that include the covariances (turbulent fluxes) are known as the
turbulent flux divergence terms. These terms represent the effects of
turbulent transport of momentum and heat.



In the boundary layer the turbulent flux divergence terms are of the same
magnitude as the other terms in the equations and thus cannot be
neglected.

The presence of turbulent flux divergence terms in these equations indicate
that even if we are only interested in predicting the time evolution of the
mean atmospheric state we still need to consider the effects of turbulence.

In the free atmosphere the turbulent flux divergence terms are much
smaller than the other terms in the equations, and can thus be neglected,
so the equations used in previous chapters are still valid above the
boundary layer.

It is typical to neglect horizontal variations in the turbulent fluxes (i.e. we
assume that the turbulence is horizontally homogeneous) so the &i and %

X
turbulent flux divergence terms can be neglected and the governing
equations reduce to:

N, T T T T - +Frx
Dt Po 0x oz

Dv__1dp_ o oW
Dt p,y dy 0z ”

Dt dz 1774
aw W
ox dy 0z

In the boundary layer this set of five equations is not a closed set of
equation, since we have five unknown mean variables (u,v,w,p.,0) plus the

unknown turbulent flux terms (u’w’,v’w’,w’w’,w’@’).



Therefore, in order to solve these equations we must make a closure
assumption that relates the unknown turbulent fluxes to the mean
variables.

Before considering turbulence closure let’s look at how the turbulent flux
divergence terms in the governing equation can be interpreted.

b) A What does the heat
flux profile (right figure)
imply about the vertical
turbulent flux

/
‘ : divergence?

N

5 | How will this alter the
2 mean potential

| temperature in the

| boundary layer?

PN
0 — = i >
Potential Fii O Fus
Temperature, 0
Heat Flux, Fy

How will the turbulent momentum flux change from the surface to above
the boundary layer?

What does this momentum flux profile imply about the vertical momentum
flux divergence?

How will this alter the mean wind in the boundary layer?



Non-local Influence on Stability and Turbulence

Observations from convective daytime boundary layers show large heat
fluxes but very small (or zero) vertical temperature gradients. In this case
the local closure fails and a non-local closure must be used.

(@ A b) A Based on the potential
A6 temperature profile shown at the
21 1 left why do we have a non-zero
W | ‘ flux over much of the depth of the
g || boundary layer?
[
Tl
0 > -— > e
Potential Fi,i O Fs
Temperature, 6 Heat Fiux. F
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Traditionally static stability is defined by the local vertical potential
temperature gradient (96/dz) although this can occasionally lead to

incorrect conclusions regarding the stability.

A more accurate method to assess static stability is to consider both local
and non-local mixing as shown below:
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Turbulence Closure

A common closure assumption is to assume that turbulent mixing acts in a
manner analogous to molecular diffusion and the turbulent flux is linearly
proportional to and directed down the local gradient.

Using this assumption the turbulent heat flux can be approximated as:
wo =k

oz
where K is the eddy diffusivity.

K represents the intensity of turbulence, which varies with stability, wind
shear, and height above the ground.

One possible parameterization of K is:

1%

oz

K=1I°

J

where [ is the mixing length and is approximated by [ = kz (k= 0.4 is the
von Karman constant).

For this parameterization the effects of static stability have not been
included.

This closure assumption is a local closure since the flux depends on the

local gradient (ﬁ).
oz



The Surface Energy Balance

Radiative Fluxes

Radiative heating or cooling of the surface drives changes in surface
temperature and thus boundary layer stability and properties.
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Net radiation flux: F*=F, | -F 1+F, | -F, !

How does F, | vary throughout the year?

How will clouds alter F, |?

Example: ATOC weather station observations

F, 1'=oF, |, where ¢ is the surface albedo.

F, |: Downwelling

solar (shortwave)
radiation

F, 1: Upwelling solar
(shortwave) radiation

F; |: Downwelling
longwave radiation

F; 1: Upwelling
longwave radiation

What factors can cause surface albedo to vary at a given location?

What impact do changes in cloud cover have on F, |?

F, 1= eoTS;C, where ¢is the surface emissivity and Tsr is the surface

temperature
Why is F, | out of phase with solar noon?



Surface Energy Budget Over Land

We can consider the surface energy budget by assuming that the surface
(just the interface between the atmosphere and the Earth) has no heat
capacity.

In this case the net radiation is balanced by turbulent sensible heat flux
(Frs), the turbulent latent heat flux (Fes), and conduction (Fgs) into the
surface and the surface energy budget is given by:

F¥=F, +Fp + Fg,

The sign convention for this equation is:

F*is positive downward (energy gain at the surface)

Frs and Fesare positive upward (energy loss from the surface to
atmosphere)

Fas is positive downward (energy loss from surface to ground)

How do the components of the surface energy budget vary over the diurnal
cycle?
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Example of daytime (left) and nighttime (right) surface fluxes over a moist
surface:

(b) Gs

How do the terms in the surface energy budget differ for a dry (desert)
surface (left) and a moist oasis surface (right)?

(c) Gs (d) Fe,

Under what conditions can the upward latent heat flux exceed the
downward net radiative flux?



Turbulence Scales

_ 1/4
.y . 2 2
Friction velocity: u*=[u’w’ +v'w' ]

The friction velocity characterizes the intensity of turbulence generated by
wind shear.

The friction velocity is related to the surface stress (drag force per unit
surface area) by:

T=pu*’
Length scales

The altitude of the capping inversion, z;, is relevant for unstable and neutral
boundary layers.

In the lowest part of the boundary layer, called the surface layer, the
aerodynamic roughness length, zo, characterizes the roughness of the
surface and is the height at which the wind speed goes to zero.

Table 9.2 The Davenport classification, where z, is aerodynamic roughness length and Cpyy is the corresponding
drag coefficient for neutral static stability?

zy (m) Classification Landscape Cpn

0.0002 Sea Calm sea, paved areas, snow-covered flat plain, 0.0014
tide flat, smooth desert.

0.005 Smooth Beaches, pack ice, morass, snow-covered fields. 0.0028
0.03 Open Grass prairie or farm fields, tundra, airports, heather. 0.0047
0.1 Roughly open Cultivated area with low crops and occasional obstacles 0.0075

(single bushes).

0.25 Rough High crops, crops of varied height, scattered obstacles such 0.012
as trees or hedgerows, vineyards.

0.5 Very rough Mixed farm fields and forest clumps, orchards, scattered 0.018
buildings.

1.0 Closed Regular coverage with large size obstacles with open spaces 0.030

roughly equal to obstacle heights, suburban houses,
villages, mature forests.

=2 Chaotic Centers of large towns and cities, irregular forests with 0.062
scattered clearings.

4 From Preprints 12th Amer. Meteorol. Soc. Symposium on Applied Climatology, 2000, pp. 96-99.



Bulk Aerodynamic Formulae for Surface Fluxes

The turbulent sensible and latent heat fluxes are the primary way that the
surface alters the overlying atmospheric temperature and moisture content.

What factors will control the sign and magnitude of the surface turbulent
sensible and latent heat fluxes?

The surface turbulent sensible heat flux can be parameterized as:

FHs,kinematic = C’H ‘V‘(Ts - Tair)

Fy=pc,Cy M(Ts - Tair)

where Cy is a dimensionless bulk transfer coefficient for heat.
What are the units of the Fhs kinematic and Frs?

What factors will influence the value of Cx?

How will Cx vary between stable and unstable conditions?

The surface turbulent latent heat flux can be parameterized as:

FEs,kinematic = CE |V||:q~?al (TS) - qﬂir]
FEs = vaCE‘V‘[qsat (T:v) - qair]

where L, is the latent heat of vaporization (=2.5x108 J kg™') and Ce is the
dimensionless bulk transfer coefficient for moisture (Cy, = Cy).

What are the units of the Feskinematic and Fes?



The surface turbulent momentum flux can be estimated in a similar
manner.

u*? = [u’_w’2 + v'w'z]l/2 =C, ‘\7‘2
(16w, = =Co|V]u (vw'), ==Col7y

where Cp is the dimensionless drag coefficient.

Typical values of the neutral drag coefficient (Cpn) are given in W&H table
9.2.

kZ

C.=—"
" In? (zr/zo)

where k = 0.4 (von Karman constant)

Zr is the reference height at which the wind is measured (usually 10 m)
Zo is the roughness length (see Table 9.2)

How will Cp differ from Cpn for stable (unstable) conditions?

Unlike Cx and Ce which are controlled by the intensity of turbulence, Cp is
also controlled by the form drag exerted by obstacles in the flow.

The equations above can be combined to give:
. kY
U =————
In(z,/z,)

In the neutral surface layer the wind speed (M) varies logarithmically with
height and the wind speed profile can be calculated using:

—u—*n z _ ln(zz/zo)
M(z)= kl (zo) or M2_M‘—ln(z1/z0)



If the stability is not neutral the wind speed profile in the surface layer will
no longer be logarithmic.
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B w00 © -
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0 0.01 - -
0 ' VaL 0 Vg,
Wind Speed, V Wind Speed, V

What causes the surface layer wind to be faster than in the neutral case for
unstable conditions?

What causes the surface layer wind to be slower than in the neutral case
for stable conditions?



Vertical Structure of the Boundary Layer
Temperature

Consider an atmosphere with an initial temperature profile that matches the
standard atmosphere temperature profile.

How will surface heating and

Stratosphere the resulting turbulence alter
the original temperature
Tropopause proﬁ|e?

Why is potential temperature
Troposphere constant with height in the

3
f boundary layer?
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> What mechanism has
T e 00 generated the enhanced
4 + Atmosphere stability in the capping
L inversion?
Capping Inversion
2 1§ — -
-+ Turbulent Boundary Layer
e
10 20 30 40 50 60
Potential Temperature (°C)
The boundary layer exhibits large
diurnal variations in temperature
30 g above groung (and potential temperature),
o “.\“‘L’he/?/[/\ /\ humidity, and wind while the
(°C) g overlying free atmosphere

/| \ \J experiences slower changes in
P fid . response to changing synoptic
\/ Air in the ABL conditions.

\ near the surface
\/

Lawton,|Oklahoma
1983

10

7 June 8 June 9 June 10 June
Date



Typical Diurnal Boundary Layer Evolution
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Nighttime

FA: Free atmosphere

Height, Z

Cl: Capping inversion

RL: Residual layer

0
(b) NIGHT

SBL: Stable
boundary layer

How does the vertical temperature (and potential temperature) profile vary
between day and night?

What implications does this change have for turbulence in the boundary

layer?

How does the diurnal BL evolution differ between summer and winter?
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Humidity

What is responsible for the observed vertical humidity profile from the
surface through the boundary layer and into the free atmosphere?

Why does humidity decrease near the surface at night?

Winds

How does wind speed change as one moves upward away from the

surface?

For neutral conditions observations indicate that in the surface layer wind
speed increases approximately logarithmically with height:

u*

V="-In
k

), where k is the von Karman constant (=0.4) and zop is the

aerodynamic roughness length (see W&H Table 9.2 for typical values).

The wind profile also differs between unstable (day) and stable (night)
conditions through the entire depth of the boundary layer.

0.5 -

-+ — z;at 3PM

3AM
'\ nocturnal jet
| (low altitude
, super-
_ .’ geostrophic
- winds)

.
-

G M

Why is the wind sub-
geostrophic through
the depth of the
daytime boundary
layer?

Why is the wind
speed nearly
constant with height
in the mixed layer?

Why is the wind
supergeostrophic in
the nighttime
boundary layer?



Planetary Boundary Layer Momentum Equations (Mixed Layer) (HH Ch 8)

We will consider the Reynolds averaged horizontal momentum equations:

&=_ia_p+f\_;_0’)uw
Dt Py 0x oz

Dv 1dp — w —
Dy _ ap fu vw +F,
Dt p, dy oz

+ F

rx

We will consider the flow above the viscous sublayer, so F_,x and F_,y can
be neglected and scale analysis for typical mid-latitude weather systems

. D D
indicates that el and =y can be neglected.
Dt Dt

This then gives:

_L&_p_'_ ‘—}_duw 0 _L&_p_f;l_&vw=
Py Ox oz Py dy oz
- —\ du'w = = VW
Vv, |- =0 —flu—-u,)- =0
f( g) 9z f( g) oz

What balance of forces is expressed by these equations?

In the mixed layer we will assume that the wind and potential temperature
are constant with height, consistent with observations.

Observations in well mixed boundary layers indicate that the turbulent
momentum flux varies linearly with height, and goes to zero at the top of
the layer.

Why is the turbulent momentum flux zero at the top of the well mixed layer?

The turbulent momentum flux at the surface can be estimated using
empirical bulk aerodynamic formulas:

(W), = =C.[V]u (vw'), = =ClVly



Integrating the horizontal momentum equations over the depth of the mixed
layer (h) gives:

i W A0 A 14 7 (W), e
f(v—vg)=_(u:)s= d}‘l ‘u —f(u—ug)=—(v:)s= d}‘l ‘v

_ . 0
If we rotate our axes such that v, =0 (i.e. d_p =0) then:
X

(W) P
V=— = =K,
Jh Jh

Viu u=1u, +
where K, = << and V= (Zﬁ +;2)°'5
Jh

These are diagnostic relationships that allow us to determine u and v from
a known horizontal pressure field (i.e. u, ), the drag coefficient, and the

mixed layer depth.



Consider a zonal flow that is initially in geostrophic balance.

What happens to this flow once the turbulent momentum flux divergence
term is introduced?

What is the sign of v?
How will u compare to u,?

What does this imply about the wind direction relative to the geostrophic
wind direction (and the pressure field)?

p-3p

Co

How will this change if Cq increases (decreases)?

Since the turbulent momentum flux divergence reduces the wind speed
from the geostrophic value this term is often referred to as boundary layer
friction.

These equations can be written in vector form as:

fxV-Lvp-Capy
0 h

What is the direction of the Coriolis force and boundary layer friction terms
relative to the wind direction?

These forces can only balance if the wind is directed towards low pressure.

As Cyincreases the angle between the wind vector and the isobars
increases.



Ekman Layer (HH Ch 8)

Vertical motion driven by convergence or divergence in the boundary layer
can influence large-scale synoptic weather systems.

To see how this occurs we will take a closer look at wind profiles in the
boundary layer. We will not require that properties in the boundary layer are
well mixed in the vertical, as was done previously.

We will start with the horizontal momentum equations:

_Lﬁ_p_l_f‘—}_&uw _0 _ldp - dvw _
Po Ox 0z Po Oy 1774
- —\ du'w - — W
V=V, |- =0 —flu-u,)- =0
f( é) oz f( 8) 7

We will parameterize the turbulent momentum fluxes as:

u'w’=—Kma—u v'w'=—Kmﬂ
0z oz

If we assume that K, does not vary with height then:

o"u’_w'_ K o"z_u av’_w’__K &
9z " 972 dz

Is it reasonable to assume that Ki» does not vary with height?

Using this we can rewrite the horizontal momentum equations as:

o Pl 225
f(v—vg)+sz§t=0 —f(u—ug)+sz=O

These equations are known as the Ekman layer equations.

These equations can be solved to find u(z) and v(z) in the boundary layer.



In solving these equations we note that:

- u=0and v=0 at z=0 m (this is a no-slip lower boundary condition)
- \Z does not vary in the vertical

-u—u, and v—v, as z —>

We will also rotate our coordinate system such that v_g =0

Example: Show that the solution of the Ekman layer equations is:

U= u_g[l —e " cos(yz)] V= uge'VZ sin()/z)

f

12
where y = (F) and has units of m™

m

This solution can be plotted as a
hodograph. 04k

v/ug

A hodograph is a graph with 0.2} /2
points defined by the values of u
and v plotted at multiple heights.
These points are then
connected by a line which starts
at the point defined by u and v
at the surface.

0.2 04 06 0.8 1.0
u/ug

Labels on curve are values of yz (the
non-dimensional height)

8

Ataheightofz=£(or vz=m) V=V
Y

This height is referred to as the Ekman layer depth (De).

Example: What is the Ekman layer depth for f=10* s and Ky =5 m? s71?



The Ekman layer solution indicates that the wind is directed to the left of
the geostrophic wind in the Northern hemisphere (i.e. towards low
pressure).

This is consistent with the wind direction and force balance between PGF,
Coriolis, and turbulent drag derived for winds in a mixed layer.

Secondary Circulation and Spin Down

the boundary layer implies mass
convergence into low pressure and
mass divergence from high

pressure. @ ‘\ @

The continuity equation then
requires rising motion out of the

boundary layer for the low \
pressure center and sinking motion
into the boundary layer for the high
pressure center.

The flow towards low pressure in \k

For vy = 0 the cross-isobaric mass flux is given by p,v and the cross-
isobaric mass flux in the boundary layer (M) is then given by the vertical
integral of p,v over the boundary layer depth:

In the Ekman layer this gives:

De De ' De A 1z
M = fpovdz = fpoug exp(-yz)sin(yz)dz = fpoug exp| = |sin| o dz

z=0 z=0 z=0 e De

The units for the mass flux (M) are kg m™' s™



Integrating the continuity equation through the depth of the Ekman layer,
and assuming that w at the surface is 0 m s gives:

De

f—d = f((9—+—)dz

=_f(_+_)

The terms in the integral can be evaluated using the Ekman solution to
give:

9 17
Z—z = %[1 exp(-yz)cos(1z)] and % = %eXP(‘VZ)Sin(VZ)

If we assume that vy = 0 (isobars are oriented east/west only) then ugy does

not vary in the x direction and Z—u =0
X

Then:

w(De) =—f dz=—f [u exp(-yz) sm(yz)]d

De
pow(De) = -pq { %[ug exp(-yz)sin(yz)|dz = —%

. : oM\ .
This indicates that the horizontal mass convergence (_E) is equal to the

mass flux out of the top of the Ekman layer [p,w(De)].

_ v, ou ou
Noting that ¢, =a_g_gg but for vy = 0 this reduces to £, = —gg
X



Integration of the Ekman layer equation through the depth of the Ekman
layer gives:

De
= f&u [exp -z sm(yz)]d

De) = —{ ¢, [exp(~yz)sin(yz) Jdz

De

w(De) = —g—;exp(—yz)[cos(yz) +sin(yz)]

w(De) = - & exp(— E)lcos(ﬂ) + sin(ﬂ)]
2y De De De)|,

w(De) = —i—g (—exp(-)-1)

Y

Noting that exp(-7)+1=1 gives:

&0.5(1)
211 \|f]

This indicates that the vertical velocity at the top of the Ekman layer is
proportional to the geostrophic vorticity.

_=Cg

For cyclonic flow ({g > 0) there is rising motion at the top of the Ekman
layer [w(De) > 0] which increases with increasing gy

For anticyclonic flow ({g < 0) there is sinking motion at the top of the Ekman
layer [w(De) < 0] which increases with decreasing g

Example: What is the vertical velocity forced by a cyclonic system with
¢=10°s", f=10*s", and De = 1 km?

This forcing of vertical motion due to turbulent fluxes is known as boundary
layer pumping and only occurs in rotating fluids.



Consider boundary layer pumping for a low pressure system:

e Turbulent momentum fluxes in the boundary layer result in flow
towards the low pressure center in the boundary layer

e This flow towards the low pressure center results in mass
convergence and rising motion through the top of the boundary layer

e Assuming that there is no vertical motion at the tropopause the rising
motion through the top of the boundary layer must go to zero at the
tropopause

e This results in a divergent flow above the boundary layer

Lo

I g
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De{ -~ . N
A 7 il 7000

The flow described above is referred to as a secondary circulation.

This secondary circulation is a circulation that is superimposed on the
primary circulation (CCW geostrophic flow around the low pressure center)
by the physical constraints of the system (in this case the presence of
turbulent momentum fluxes) and results in a slowing, known as spin down,
of the primary circulation.

How does the secondary circulation cause the primary circulation to spin
down?



What is the timescale for this spin down process?

To determine the timescale for spin down we will assume a barotropic
atmosphere for simplicity.

The vorticity equation, scaled for mid-latitude synoptic scale motions is:

DEy __fou, ov|_ pow
Dr f(ax+ay)_f&z’

where the latitudinal changes in f have been neglected.
Recall that in a barotropic atmosphere g is independent of height.

The above equation can be integrated from the top of the Ekman layer
(z = De) to the tropopause (z = H).

DCg H H
oz= | fow
Dt z;fDeZ Z!De

Dg,

(H ~De) = f[w(H) - w(De)]

D¢ [W(H) - w(De)]

8 _
Dt / H - De

We will assume that w(H) = 0 and the H>>De.

D_Cg _ w(De)

Dt H

Substitution of the Ekman layer solution for w(De) into this equation gives:

D 12 1/2
sl <l

Dt fH\2f 2H?



This equation can be integrated in time to give:

ch _Cg(me)l/z
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where T, =( ) is the e-folding time scale for barotropic spin down.

M

Example: What is the barotropic spin down time scale for H = 10 km,
f=10%s", and Ku=10 m?s'?



